
Localperivative and gradient
-



We can generalize the partial derivatives

to detect the change inf in any direction

~
t just the x ory directions .

L

Lef : Let f(x
,y) be a function and

u = <a, b) be a unit rector (that is a

Vector of length 1) .
The directional
-

derivative of f at the point (X0,
Yol

-

in the direction of it is defined as

Daf(xYol = linkotha,
yot (b) - f(x0,

4)
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The directional derivate Dafla , b) is also

called the #rateof change of f

in the direction of
.

Note:

If i = < 1 , 0) ,
then

Dufla , b) =imathbl-fabl = flat s

So
,

the rate of change of f

#
If i= < 1

,
0) ,

then

Dufla , b) =im bth-fab = flat s

So
,

the rate of change of f

in the positive y
direction

-is the partial derivative fylab).



#ordoWaulatrDlab) is

8f (a ,
b) = ( fx(a,

b)
,

fy(a , b)]
-

Theorem : Let f(x , y) be a differentiable
-

frection of X and y ,
then f has

a directional derivative in the direction

-

u and a formula is

of any
unit rector

(a,bl =f (a,
b) . i

-



Ex : Consider the function
-

f(x , y) = xi + y ?

Let's take two directional derivatives

at the point (a s b) = 10,
2) .

The gradient rector is

Of = < fx , fy) = (2x, 2y7

So,

-f (0 ,
2) = <2 . 0 ,

2 . 2) = (0 ,
4)

I ↑ 1z =xi+ yz

First let ↑ Y

2

=
4 ↑+Y

i = <1 ,
07 . X

Def (0 ,
2) FThen, ↓ .= Tf(0 ,

2) · Y
L

T
&

=
(0 ,

47. < 10] If you
walk in the

i direction
you stay at height= O

no change in E



What if instead

you let i = 30 ,
-1 ?

Then , 1(z=x+y

Def (0 ,
2) ↑ ↑

= Tf(0 ,
2) · Y D=

(0 ,
47% ,

-1

= 0 . 0 + (4)- 1)

=-4
If you

walk in the
&

Ti direction
you go downward

at a slope of - 4-
-

Let's analyze the general

situation further .

-



Let f(x, y) be differentiable at (a , b)
.

Suppose Vf(a,
b) *.

Notice that the
>

rate of change of abifca
f at (a,b) in - ·

->

z = f(x
, y)

the direction of
->

a unit vector (a,b)- U
A) Y

i is X Y
Vf(a

,b)

Dif(a ,
b)=a

,b)·
this isn't this direction
changing can change

-
because based on u

(a,b) is fixed

= (8f (a,b))(ii) cos(0)
-

lu) = 1 since

↑ is a unit vector

= /0f(a, b1) <os(t)

Where O is the angle between i

and Uf(a ,
b) . Here .

0 1 0 (180
:



We have the following :

- ↳① The maximum rate

of increase of at

(a ,
b) is when O = 0,

that is when i points
in the directive of Of (a , b)

.

In that direction we get picture for

1 when 0 = 0
-

Pflaib
- GW

Dif(a ,
b) = (5+ (a

,b) (cos(t) -
= 10 + (a ,b)

-f
② The maximum rate of decrease

at (a ,
b) is when O = I

,
that is when

in the direction of-Uf(a ,
b).

i points
picture for

Pf(a ,
b)Frthatdirectivwet·->

=- (Vf(a , b))

-



③ The rate of change of f at (a , b)

is zero when F =M2 ·

pictures for

That is , Dif(a ,
b) = 0

xf(a ,
b)

when in andOf (a , b) -
are perpendicular. [
oanother was

t:

say that Of (a ,
b) is

↑
z

z = f(x,y)

perpendicular to the

level curve "-R
of that "~
passes through/(a ,

b) . "F-....
u

X curt of
f(x , y) =k

to
Xf(a,

b)zenitieat
cais /

level



Ex : Consider the function
-

f (x , y) = x + y 2 at (a
,
b) = (0, 2)

as we did before.

Recall that

Of = < fx , fy) = (2x, 2y7

5

f (0 ,
2) = <2 . 0 ,

2 . 2) = (0 ,
4)

(z = x*+ yz

440↳=

L
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① The maximum rate of increase off is when

i points in the direction of Xf(0,
2) = (0 ,

4).

That is ,
when

===
~

Z
im

divide by length to ((z= x+ y
Unit rector -E ↓

U

get a &In this direction
·
f (0 , 2) -f (0

, 2)

we have : ·->
Daf (0 ,

2) = (0f(0 ,
2)) = 4 x

-

② The maximum rate of decrease of is

When is points in the -Of(0 ,
2) = (0,

-4) direction .

This is when

===-

02+ (- 4)2

In this direction x+ y

we
have

↑ Vf(0, 2)#
-Daf(0 ,

2) = (8 + (0 ,
2) = 4

x/ ·->(0
, 2)

-



③/ The level curve that passes through
(a , b) = (0, 2) is when

k = z = 0+ 2= 4

(0, 2) into z = xi+ y2

17
(z = x*+ yz

·
- 1

= [1,
07

X

L /
The directional derivative is O in the

E < ,
0) or = <1,

0) directions .

In

those
directions you'd be walking along

the 4 = x+ y curve
and the height

of 214 Wouldn't change .



Let's look at a level curves diagram.

&
J Ex+ (0 ,

2

#Note that -

n
= 4

- f(0 , 2) = 40 , 47
-

k= 9

is perpendicular
to the level

curve when k =
4.

Perpendicular to the curve at P

to the tungent
means perpendicular

line at P.



# Do a problem from the

homework with PQ

~raction such as Part 1 - #3004


